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Abstract
Failure observation and numerical analysis were conducted to understand how shear damage develops in
brittle solids under biaxial compression. A biaxial compression often induces shear damaged in brittle solids,
which is preceded by a formation of huge number of array cracks. Cracks in the array appeared gradually as
applied compression increased. They were almost similar in shape; gently curved but were possible to approx-
imate a troop of straight cracks almost parallel to each other without loss of essential characteristics. Under
a uniaxial compression, a brittle material tends to fail exhibiting a crack growth almost parallel to the loading
axis. In this situation, the crack propagates rather in a stable fashion since the stress intensity factor at crack tip
generally decreases with crack extension. Under a biaxial compression, however, such a stable crack growth is
strongly inhibited. Consequently, an array of microcracks often appears as a presage of the macroscopic shear
failure. A mechanism of the appearance of damaged zone with increase of applied compression was discussed
using a scattered cracking model. It was found that each crack composing the damaged zone has a possibility
to open due to crack-to-crack interaction and a localized tensile stress appeared both in the interior and in the
exterior of the damaged zone. The localized tension appeared in the interior of the damaged zone may increase
a crack density, while that appeared in the exterior of the damaged zone would bring an enlargement of the
damaged zone.
Keywords: Brittle fracture; Linear elasticity; Compression induced fracture; Scattered cracking; Stress intensity
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1. Introduction
An excessive uniaxial compression applied to brittle solids often causes inherent cracks to propagate in which
crack paths are almost parallel or gently curved toward a loading direction. Such cracks are named wings
or wing cracks and are known to grow stably since the mode I stress intensity factor at their tips decreases
monotonically with their extension when the crack growth takes place in an infinite medium[1, 2]. On the other
hand, an excessive compression provided with moderate confining pressure often yields macroscopic shear
failure in brittle solids. Under a biaxial compression, a growth of mode I wing cracks becomes considerably
difficult. As a result, a brittle fracture caused by the wing crack growth is suppressed substantially. Therefore,
a transition of the failure mode from brittle to ductile takes place depending upon a presence of a moderate
confining pressure[3, 4].
It is also known that the overall failure plane under biaxial compression is inclined about 30◦ from the axis
of principal compression[5]. Therefore, based upon a classical theory of the linear elastic fracture mechanics, a
∗Corresponding author. Tel.:+81 958 8472493.













Fig. 1. Observed wing crack growth in Mortar specimen under uniaxial compression test[6].
fracture of this type can be considered as a result of mode II crack growth since the normal stress to the failure
plane takes negative value, which may force cracks to close and therefore the failure seems to be induced
by a tangential stress. On the other hand, it is strongly believed that a pure mode II crack can not grow in
its own plane[7]. In addition to this, a characteristic relation between applied compression and overall strain
during failure and the resulted roughness found in the failed surface indicates inherent complexity of the failure
process under biaxial compression. Consequently, the mechanical background as to how the compressive
stress with moderate confining pressure often causes a shear failure in brittle solids is not fully understood
even today. From both experiments in laboratory and field observations of the fault tip zone which suffered
considerable tectonic compression, the appearance of damaged zone composed of huge number of cracks is
reported[7, 9, 10, 11]. It would be reasonable to consider that the damage zone appeared during compression
finally develops into a shear faulting. Furthermore, it is interesting to note that each crack in the damaged zone
aligned with approximately constant spacing and was almost similar in shape. Therefore, in the present study,
the damaged zone was modeled by a scattered array of line cracks with uniform spacing and length. It was
found through numerical analysis that a scattered cracking model for damaged zone is thoroughly simple but
enough for understanding a substantial background of the compression induced fracture experienced in brittle
materials.
2. Wing crack growth in mortar specimen and its simulation
In a uniaxial compression test of an artificially-flawed plate specimen, wing cracks[1, 3] initiated in the vicinity
of the tips of an artificial flaw and propagated in a stable manner as seen in Fig.1. The size of specimen
was 160mm×80mm×13mm for hight, width and thickness, respectively. The specimen was made by mixing
a commercial cement powder with appropriate amount of refined water. It was casted in a container and a
45◦ artificial flaw was introduced by inserting a 0.1mm-thick Teflon sheet during the cure process as described
in[6]. In order to absorb a possible impropriety of the casted specimen, rubber films of 3mm-thick were inserted
between the specimen and stiff holders. Then uniform strain rate (about 0.3%/min) was applied to the loading
ends. During the experiment, two wing cracks emanated from the upper and the lower tips of Teflon flaw and
propagated depicting a smooth trajectory toward the loading ends.
The behavior of wing crack growth can be predicted well by the conventional linear elastic fracture me-
chanics. The simulated wing crack path obtained by using a versatile stress analysis code based on a body force













Fig. 2. Comparison of an observed and simulated crack path obtained by the body force method[6].
the crack path was simulated by adding a short crack segment of prescribed length (20% of a half length of
an initial crack) at the present crack tip into a direction where the mode II stress singularity disappears at the
advanced crack tip.
The body force method (BFM) is a boundary type solution to elastic problems and is known as powerful
technique especially useful for elastic crack analysis. In BFM, any elastic problem is replaced into an equivalent
problem of an infinite domain and boundary value problem is transformed into a boundary integral equation
whose unknown is density of body force or body force doublet. Small circles illustrated in the right of Fig.2
indicate nodal points of used boundary division. As seen, although the used boundary division was rather
course, the simulated path accorded well with the observed one. A local symmetry criterion employed for the
determination of a crack extension direction assures that the wing crack propagates under pure mode I. Figs.3
and 4 show a variation of mode I stress intensity factor at a tip of wing crack as a function of the projected
wing length L. In these results, a frictionless contact between faces of an initial crack was assumed. Before the
appearance of wing cracks, a mode II stress singularity was a unique crack driving force that appeared at the
tips of an initial crack since the initial crack was closed by a lateral compression. Once wing cracks emanated,
however, the mode II singularity changed into mode I immediately so that the wing crack opened during its
extension. As seen in Fig.3, the mode I stress intensity factor decreases monotonically with increase of L when
the wing crack growth occurs under uniaxial compression in an infinite medium. On the other hand, as seen in
Fig.4, the wing crack growth in a finite region is not always a stable process. In this situation, the mode I stress
intensity factor decreased with increase of wing length if the inclined angle of an initial crack ϕ is less than
45◦. It should be noted that numerical results shown in Figs.3 and 4 can not be obtained without conducting a
simulation of wing crack growth.
3. Compression induced damage and fracture in flawed PMMA
In contrast with a uniaxial compression, a characteristic damaged zone composed of huge number of small
cracks was experienced in a compression test with moderate confining stress. In order to observe the damage
process clearly, a transparent PMMA (PolyMethylMethAcrylate) was chosen for the observation. Fig.5 shows
experimental setup and a sequence of captured images taken by CCD-VCR system during compression test. In
a preparation of specimens, a central circular hole of 1.6 ∼ 2 mm diameter was drilled first and 0.24 mm-thick
metal saw was used to introduce an artificial flaw. After several machining processes, the specimen was finished
using fine alumina powder until no other flaw can be found under microscope. In order to induce a damaged
zone clearly, the specimen was installed in a transparent vessel filled with gaseous acetone, as described in[7].
In order to restrict the transverse and out-of-plane deflections, specimen was held by rigid support with slide
guides.Then a constant strain rate 0.625 %/min was applied to the upper end. Numbers seen in images of Fig.5



























Fig. 3. Variation of mode I stress intensity factor, KI, during wing crack growth in an infinite plate under remote
uniaxial compression. Ordinate is a ratio between mode I stress intensity factor at the tip of wing crack whose
projected length into a loading direction is L, KLI , and the absolute value of mode II stress intensity factor at the




























Fig. 4. Variation of mode I stress intensity factor, KI, during wing crack growth in a rectangle under uniaxial
compression. Ordinate is a ratio between mode I stress intensity factor at the tip of wing crack whose projected
length into a loading direction is L, KLI , and the absolute value of mode II stress intensity factor at the tip of an
initial crack which is inclined by an angle ϕ from the loading direction, |K0II|.
increase of frame position roughly corresponds to 10−5 strain increase. It should be noted that without acetone
environment, no damage zone was observed even at a limit load 4.9× 104 N. In the experiment, deformation
in the transverse defection was restricted by rigid support which provide a confining pressure to the specimen.
Since there exist a considerable friction between a specimen and support, it was impossible to examine an ideal
biaxial load, however, an important process in which huge number of cracks appeared to form a damaged zone
was clearly observed.
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Fig. 6. Scattered cracking model for damage under excessive compression.
4. Scattered cracking model for damaged zone and numerical analysis
Fig.6 shows the observed damage and its numerical modeling. It was confirmed that the damage zone is
composed of huge number of crack like defects. They appeared in the vicinity of the tip of artificial flaw
then extended into a certain direction with increase of applied compression. In the biaxial compression test of
PMMA, the direction of crack aggregation (α in Fig.6) ranged 20◦ ∼ 40◦ from the axis of principal compression
while the inclination of each crack (β in Fig.6) was ranged 70◦ ∼ 90◦. In order to investigate mechanical
characteristics of the damaged zone, it was modeled by a set of scattered cracks parallel to each other and
various numerical experiment were conducted taking account of crack face contact without friction. Figs.7,8
and 9 show an influence of distance between cracks (pitch, p) on crack opening rate (COR) in which COR is
defined a ratio of ”total length of the opening part on cracks” and ”total crack length”.
The scattered cracks aligned into a band would result in a conclusive shear failure. Therefore, not a mag-
nitude of stress intensity factors at tips of individual crack but a rate of opening length on each crack was
considered as an substantial parameter to assess the compression induced shear damage. That is, the region di-
vided by opened cracks becomes slender when the total length of opening part on crack lines increases. If such
“slender region” suffers compressive stress in the direction of its length, it could readily buckle and collapse.
Then a sequence of buckling at the slender region divided by opened cracks could be considered as a nature of
compression induced fracture in brittle solids[9]. Due to a limit of space of the monograph, only for the selected
angular combination, α = 35◦ and β = 80◦, was illustrated in Figs.7, 8 and 9, for different rate of the confining


































Fig. 7. Influence of distance among cracks ‘p’ on crack opening rate for α = 35◦ and β = 80◦ condition, under






























Fig. 8. Influence of distance among cracks ‘p’ on crack opening rate for α = 35◦ and β = 80◦ condition, under
biaxial compression λ = 0.05 (Nc stands for number of cracks in the array).
and β = 80◦ provides relatively large COR for wide range of p/c when confining pressure is absent. It can be
seen from Figs.7, 8 and 9 that COR increases monotonically with increase of number of cracks Nc for any value
of p/c. It is also interesting to note that the remote stress considered in Figs.7,8 and 9 is a biaxial compression
with loading ratio λ = 0.01,0.05 and 0.1, respectively. Therefore, it can be understood that a crack-to-crack
interaction is a driving force of crack opening since an ideally straight crack in an infinite medium can not open
by itself under biaxial compression.
In Fig.10, distribution of the normal stress component perpendicular to crack line σβ along ξ axis in an
infinite plate is illustrated. Here, ξ axis is assumed to penetrate the center of each crack and the origin of ξ axis
is placed at the center of extreme crack. The positive ξ direction is defined as seen in the insert of Fig.10 so



























Fig. 9. Influence of distance among cracks ‘p’ on crack opening rate for α = 35◦ and β = 80◦ condition, under
biaxial compression λ = 0.1 (Nc stands for number of cracks in the array).
damaged zone, respectively. When crack density in the damaged zone is high (p/c = 0.5), stress σβ which acts
as to open the crack is almost zero for ξ < 0.0, while it takes large value for ξ > 0.0. Therefore in this condition,
a new crack will appear not in the interior but in the exterior of damaged zone, and therefore, this condition
corresponds to the extension of damaged zone itself. On the other hand, when crack density is relatively low
(say p/c > 1.5), σβ takes its maximum at ξ/d = −0.5 which would cause the increase of crack density in
the damaged zone. For very low crack density (p/c > 4.0) the distribution of crack opening stress becomes
symmetric with respect to the crack. In this situation, new cracks could appear both in the interior and the
exterior of the damaged zone although the peak stress decreases with decrease of crack density.
5. Conclusion
Mechanical properties of the damaged zone appeared during biaxial compression of a brittle material were
discussed using scattered cracking model. The scattered cracks arranged into a band open even under biaxial
compression due to the interaction among them, when several mechanical conditions were satisfied. The dam-
aged zone might grow by generating a new crack both inside and outside of it. The localized tension appeared
in the interior of the damaged zone may increase a crack density, while that appeared in the exterior of the
damaged zone could bring an extension of it. Since a narrow region separated by opened cracks in the damaged
zone buckles readily under compression, a macroscopic shear failure caused by excessive compression can be
considered as a sequence of localized buckling of such narrow region. The obtained results can be summarized
as follows:
(1) The wing crack observed in an infinite medium under uniaxial compression propagates in a stable fashion
since the mode I stress intensity factor at the crack tip decreases with its extension.
(2) A whole or a part of crack composing a parallel array in an infinite medium may open even under biaxial
compression if they are aligned favorably.
(3) Opening of the array cracks under biaxial compression is brought by a crack-to-crack interaction. This
interaction becomes more prominent with increase of number of cracks composing the array.
(4) Due to an interaction among cracks, there appears a positive normal stress both in the interior and in the






























































































































Fig. 10. Normalized stress σβ (crack opening stress) in the vicinity of extreme crack, along ξ axis penetrating
central points of each crack (α = 35◦, β = 80◦ and λ = 0.0) in an infinite plate.
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